Mathematical modelling of the effects of turbulence on detailed-chemistry is an important issue in the accurate and reliable numerical prediction of turbulent combustion processes. The highly non-linear nature of both turbulence and chemistry make this extremely challenging. In this study, a Presumed Conditional Moment (PCM) approach, based on a β probability density function (PDF), is combined with the Flame Prolongation of ILDM (FPI) tabulation method to model the effects of turbulence and detailedchemistry for diffusion flames. The recently proposed FPI scheme incorporates the effects of the detailed-chemistry on the local flow field for laminar flames through the use of two independent scalars: mixture fraction and progress variable and their variances. The Favre-Averaged Navier-Stokes (FANS) equations, based on the two-equation k-ω turbulence model, are used herein to model the effects of the unresolved turbulence on the mean flow field. The governing partial-differential equations for mean quantities are solved using a parallel, Adaptive Mesh Refinement (AMR), fully-coupled finite-volume formulation on body-fitted, multi-block, hexahedral mesh for three-dimensional flow geometries. Two approaches for coupling the PCM-FPI approach with the parallel AMR finite-volume solution method are considered. The PCM-FPI results are compared to experimental data for both reacting and non-reacting flows associated with a Sydney bluff-body burner configuration. The computational cost of the PCM-FPI scheme is compared to the cost of the simplified Eddy Dissipation Model (EDM). A full description of the proposed numerical solution scheme for turbulent non-premixed flames is provided along with an evaluation and demonstration of its computational performance and predictive capabilities.
I. Introduction
Practical combustion processes involve thousands of intermediate species and reaction steps. An accurate representation of the flames in these cases will require tracking every species and reaction step involved in the combustion process which is practically impossible. Detailed-chemistry mechanisms have been proposed for certain common fuels which predict the flame properties quite well by tracking a finite number of species.
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However, the numerical modelling of these detailed-chemistry schemes are still prohibitively expensive for relevant industrial applications.
A number of approaches have been proposed to reduce the size of combustion problems without compromising on the quality of results. The Intrinsic Low Dimensional Manifold (ILDM) proposed by Maas and Pope, 5 Systematic Reduction Method (SRM) as discussed by Peters, 6 Computational Singular Perturbation (CSP) by Lam and Goussis, 7 Piecewise Reusable Implementation of Solution Mapping (PRISM) by Tonse et al., 8 Quasi-Steady-State-Assumption (QSSA) by Ren and Pope, 9 Reaction-Diffusion-Manifold (REDIM) by Bykov and Maas, 10 and Invariant Constrained Equilibrium Edge Pre-Image Curve (ICE-PIC) by Ren and Pope 11 are some approaches which try to reduce the size of the kinetic mechanisms for complex fuel oxidation and pollutant formation by systematically reducing the size of the detailed problem. This is done by identifying and eliminating unimportant reactions and species which do not have a significant effect on the final flame structure. All these above mentioned methods differ from each other mainly in how the unimportant species are determined and handled.
In the tabulation approaches, chemical structure of the flames are parametrized and expressed as a function of a reduced set of variables. Hence, just by knowing the values of these variables, the detailed structure of the flame can be predicted during the simulations. Some of the dimension reduction methods discussed above also adopt a tabulated data approach. Peters 12 has suggested the use of detailed chemistry solutions of one-dimensional counter-flow flames for a range varying strain rates as a means for describing the chemical kinetics of more complex diffusion flames. Furthermore, premixed flamelets have been used to tabulate chemistry in turbulent combustion modelling for both premixed and non-premixed flames. 13, 14 The Flame Prolongation of ILDM (FPI) 15, 16 and Flame Generated Manifold (FGM) 17 are two recently proposed approaches based on tabulation of premixed flamelets. Both of these approaches have been developed and applied successfully to different combustion regimes and are of considerable current interest as they are unifying methods that may be applied to both premixed and non-premixed flames.
16, 18-21
Probability density functions (PDF) are a popular tool to model the effect of turbulence on reactive flows. Bradley et al. 13, 22 have shown that PDFs can be used with known laminar flamelet solutions to account for turbulence, and this model has been used in conjunction with Reynolds-averaged Navier-Stokes (RANS) models. A number of studies have validated the use of PDFs for turbulent reacting flows. [23] [24] [25] More recently, Vervisch et al., 21 Domingo et al. 19, 26 and others have adopted a presumed PDF approach, leading to presumed conditional moment (PCM) modelling, in conjunction with the FPI approach for dealing with turbulent chemistry. In this approach, the presumed PDFs of some scalars are used to derive the mean reaction rates and species concentrations. Richardson et al. 27 were the first to use a β-distribution as the presumed PDF. Some other distributions like the sinusoidal PDF, "clipped Gauss" distributions, and a triangular distribution have also been investigated by other researchers. [28] [29] [30] A comparison between the different presumed PDFs has been carried out by Jones 31 and Libby and Williams 32 who compare the numerical results with the experimental measurements of Kent and Bilger. 33 The results obtained showed that the double delta function is unsatisfactory and both the β and the clipped Gaussian PDFs give very similar agreement with experimental data. The FPI approach has been used with the presumed β-distribution in a number of studies, to model the turbulence-chemistry interaction for RANS-based models and large eddy simulations (LES) of turbulent flows. 19, 21, 26, 34, 35 Comparisons of the PCM-FPI method to other subfilterscale methods for the LES of turbulent premixed flames have been carried out and reported in a recent study by Perez et al.
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Another interesting approach to reduce the computational costs is to use a solution-adaptive grid. The adaptive mesh refinement (AMR) algorithms developed for aerospace applications [37] [38] [39] [40] [41] [42] [43] [44] are a promising way to generate solution-adaptive grids. Computational grids that automatically adapt to the solution of the governing equations are very effective in treating problems with disparate length scales, providing the required spatial resolution while minimizing memory and storage requirements. Recent progress in the development and application of AMR algorithms for reacting flows and premixed turbulent combustion is described by Bell et al. [45] [46] [47] and Gao and Groth. [48] [49] [50] Computational costs of reacting flow prediction can be further reduced by applying a domain decomposition procedure and solve the problem in a parallel fashion using multiple processors. Large massively parallel distributed-memory computers can provide many fold increases in processing power and memory resources beyond those of conventional single-processor computers and would therefore provide an obvious avenue for greatly reducing the time required to obtain numerical solutions of combusting flows.
While the potential of LES methods for turbulent reactive flows has certainly been demonstrated, RANSbased approaches are still used in the majority of practical engineering computations and will therefore be the focus here. This work seeks to combine the various numerical approaches described above for reducing the computational costs of predicting turbulent combusting flows, producing a parallel AMR method that uses the the PCM-FPI approach and finite-volume scheme for solving the Favre-Averaged Navier-Stokes (FANS) equations governing three-dimensional turbulent non-premixed reactive flows of compressible mixtures on body-fitted, multi-block, hexahedral mesh. A full discussion of the proposed solution technique is provided herein along with a demonstration of the computational performance and predictive capabilities of the proposed solution method.
II. Favre-Averaged Navier-Stokes Equations
In this study, the Favre-Averaged Navier-Stokes equations for a compressible thermally perfect gaseous mixture are used to describe turbulent non-premixed reactive flows. In this formulation, the continuity, momentum and energy equations for a N species mixture can be expressed using tensor notation as 51, 52 
where w is the time-averaged value of quantity w, w is the Favre-averaged value of quantity w, x is the position vector, ρ is the mixture density, u is the velocity vector, p =
is the mass fraction of species k, m k is the mass of species k present in the given volume, m is the total mass of gas in the volume, g is the body force vector,τ ji denotes the viscous stress tensor, λ ji denotes the Reynolds stress
tensor, e is the specific total energy, h is the internal energy
for species k and, k is the turbulent kinetic energy, ω is the specific dissipation rate of the turbulent kinetic energy, Pr L is the molecular Prandtl number and, Pr t is the turbulent Prandtl number set to a constant value of 0.9. The viscous stress tensor is given by the constitutive relation
where µ is the molecular viscosity and δ ij is the Kroneckar delta function. The Boussinesq approximation is used to relate the Reynolds stress tensor, λ ij , to the mean flow strain-rate tensor using a turbulent eddy viscosity, µ t =ρk/ω, and is given bȳ
The transport equation describing the time evolution of the mass fraction for the k th species, Y k , is given by
where D k is the molecular diffusivity of species k and, D t = µ t /Sc t is the turbulent diffusivity, Sc t is the turbulent Schmidt number set to a constant value of 1.0 and,ω k is the time-averaged mass reaction rate of species k produced by the chemical reactions.
The modified two-equation k-ω model of Wilcox 53 is used to model the unresolved turbulent flow quantities. Transport equations are solved for the turbulent kinetic energy, k, and the specific dissipation rate, ω, which are given by
where σ * , β * , α, σ, and β are closure coefficients for the two-equation model. Thermodynamic and molecular transport properties of each gaseous species are prescribed herein using the empirical database compiled by Gordon and McBride. 54, 55 A. Near Wall Treatment of Turbulence An automatic wall treatment method, which switches between the low-Reynolds-number formulation and the standard wall function depending on the mesh resolution, was used for near wall treatment of the k-ω turbulence model. 56 In the case of low-Reynolds-number formulation, it can be shown that
where y is the normal distance from the wall. This expression is used to specify the value of ω directly for all values of y + ≤ 2.5, where y + = u τ y/ν is the dimensionless distance from the wall, u τ = τ w /ρ is the friction velocity, and τ w is the wall shear stress, provided there are 3-5 computational cells inside y + = 2.5. In the case of the wall function formulation, the expressions
where κ is the Von Kármán constant = 0.41, are used to fully specify both k and ω for y + ≤ 30 − 250. The automatic treatment switches between these two methods depending on mesh resolution using a blending function. In this procedure, k and ω are approximated by
where
. In the turbulent flow simulations discussed below, a relatively coarse mesh is used to start and automatic treatment is used only on the first cell off the wall. After obtaining an approximate solution on the coarse mesh and performing two or three levels of refinement such that there are at least 2-3 cells within the laminar sublayer, the low-Reynolds-number formulation is used for the solution.
III. Tabulated-Chemistry Approach

A. Mixture Fraction for Diffusion Flames
The mixture fraction, f , provides an indication of the fraction of local mass having its origin in the fuel stream of a non-premixed or diffusion flame. For a pure-mixing/non-reacting flow, the local value of any thermodynamic quantity, ϕ, can be expressed as a linear function of f using the relation
where ϕ F,0 is the value of ϕ in the fuel stream and ϕ O,0 represents the value of ϕ in the oxidizer stream. For a pure-mixing flow, one can arrive at the following relations between equivalence ratio, φ, and f
where s is the stoichiometric oxygen-to-fuel mass ratio. Note that in a diffusion flame, the equivalence ratio corresponds to the equivalence ratio obtained when premixing the same mass of fuel and oxidizer streams. It does not correspond to the global equivalence ratio in the burner. The mixture fraction can be expressed as a linear combination of the chemical elements involved in the flow. Using this definition, and summing all of the species transport equations for species k given by Equations (6), the final mixture fraction transport equation can be derived as
where D f = ζ/ρC p is the molecular diffusivity term of the mixture fraction, ζ is the thermal conductivity of the gas and, C p is the gas specific heat at constant pressure.
Approach Tabulated Species PDEs Solved 
B. Flame Prolongation of ILDM (FPI)
FPI tabulation uses pre-computed one-dimensional laminar premixed flame solutions for calculating flame structures of more complex flames. The Cantera software package 57 is used to generate solutions for onedimensional premixed flames using the detailed-chemistry GRI-Mech 3.0 mechanism.
1 In one-dimensional laminar premixed flame, all flame properties can be uniquely expressed as a function of the initial unburnt mixture being used, which is defined by the equivalence ratio of the mixture, φ, and the spatial coordinate direction, x, normal to the flame front, such that
A new parameter called the progress of reaction variable, Y c , is then introduced to remove the spatial coordinate in Equation (16) . The FPI tabulation then takes the following form:
The progress of reaction Y c evolves from zero to its equilibrium value, Y c Eq (f ), along every mixture fraction surface. Vervisch et al. 21 propose the use of a normalized value of Y c , called the progress variable, c, which is defined as
The reason for using c over Y c will be discussed in more detail in Section B. Hence, in the final FPI look-up table, all relevant thermodynamic quantities are expressed as a function of two variables
Fiorina et al. 58 suggest that a linear combination of the mass fraction of CO 2 and CO is a good choice for the progress of reaction variable for methane-air combustion, which is considered herein. As noted above, the FPI scheme requires the solution of a transport equation for the progress of reaction, Y c , which can be written as ∂ ∂t
Yc is the progress of reaction Schmidt number which is taken to have value of unity, andω Yc is the reaction rate of the progress of reaction variable which is pre-computed and stored in the look-up table during table-generation. A number of studies 16, 19, 58 have reported the validation of this tabulation method for laminar premixed flames.
In diffusion flames, the mixture fraction values can vary over the entire range from zero to one and so values outside the flammability limits of premixed flames may be encountered. To calculate the species mass fractions for points lying outside the range of valid premixed flame solutions, a linear interpolation is performed between the pure-mixing solution, given by Equation (12) , and known solution for the rich/lean limit solution of the premixed laminar flame solution. 59 In addition, the reaction rates for the progress of reaction are set to zero outside the premixed flame flammability limits.
C. Coupling Tabulated Data with Flow Solver
The size of the FPI table is an important concern that can tax available computer memory when performing practical calculations, especially when dealing with non-premixed turbulent flames. Careful study shows that of the 53 GRI-Mech 3.0 species, only 7 species: CH 4 , O 2 , CO 2 , CO, H 2 O, H 2 and N 2 account for more than 99.5% of the total mass and energy of the mixture. 59, 60 Therefore, only storing the information for these 7 species can give us a good indication of the flame structure and properties. To take into account the mass of the elements being carried by the remaining species, three additional species are also tabulated. Galpin et al. 60 has shown that H, OH and C 2 H 2 make are a good choice as additional species for methane-air flames. Hence, the final look-up table stores data for 10 species. In the final look-up table, the mass fractions of the major species are used directly from the pre-computed solutions whereas the mass fractions of minor species, such as C 2 H 2 and H 2 , are calculated by ensuring atomic mass conservation. 61 For example, when the detail chemistry solution of all 53 species is known, the conservation of atomic mass of carbon atoms gives the following expression for calculating Y C 2 H 2 in the reduced set of species:
where M is the number of species in the reduced set of FPI tabulation, n C k is the number of carbon atom in species k, M k is the molecular weight of species k, and A k is the atomic weight of element k. Two approaches are considered here for coupling the FPI tabulated data to the flow solver.
• Approach 1 -Tabulated Mass Fractions: The look-up table stores the mass fractions of the reduced set of species. Individual species transport equations are not solved. Instead, local values of f and Y c are used to obtain the species concentrations from the table using bi-linear interpolation.
• Approach 2 -Tabulated Mass Fractions & Estimated Reaction Rates: Highly diffusive species can have large gradient values. Resolving these high values using tabulated species mass fraction needs highly refined tables. Instead of using the mass-fractions from the look-up table, like in Approach 1, the species reaction rates are reconstructed using the following relation
The species mass balance equations are then solved directly using the above expression.
In both of the above approaches, the transport equations for mass, momentum, energy, are solved along with the equations for the mixture fraction and progress of reaction variable. Table 1 summarizes these approaches.
IV. Turbulence and FPI
A. Statistical Approach: Presumed Conditional Moment
The treatment of turbulence in the FPI methods is based on a stochastic approach where the reactive and diffusive properties of a flame are described using joint PDFs. To calculate the mean of a variable, ϕ, which is dependent on (say) N independent variables, w 1 , . . . , w N , such that ϕ = ϕ(w 1 , . . . , w N ), a joint PDF P (w * 1 , · · · , w * N ; x, t) is introduced. The mean value of ϕ is then estimated as
As shown earlier in Equation (19) , in the FPI approach all thermochemical quantities, ϕ, are expressed as a function of two variables: the mixture fraction, f , and the progress variable, c. Hence, simplifying Equation (23) the mean value for FPI tabulated quantities can be expressed as
Using Bayes' theorem, the joint PDF of f and c in Equation (24) can be decomposed using the conditional PDF for c for a given value of f * , P (c * |f * ), using the relation
However, DNS 19, 21, 62 and experimental results 63 suggest that in many cases P (c * |f * ) is weakly dependent on f * . While this is true only for a proper selection of the progress of reaction variable, in the experimental set-up studied by Barlow et al. 63 for methane-air jet flames, it was observed that the conditional statistical behaviour of c constructed from a linear combination of CO and CO 2 weakly varies with mixture fraction. Hence,
It is important to note that the hypothesis of statistical independence with f applies to c only, which is a normalized quantity, but not to the progress of reaction Y c or any other quantity ϕ extracted from the flamelet tables. 19, 26 While this hypothesis of statistical independence is not strictly exact, it has been found to be a reasonable approximation for a appropriate choice of Y c . 19 Substituting Equation (25) into Equation (24) and using Equation (26), the expression for the mean quantity, ϕ, can be approximated by
The most convenient method for determining the PDFs P (f * ) and P (c * ) is to assume that the PDF can be prescribed by an n-parameter function and to relate the first n moments to these parameters. As the mixture fraction, f , is bounded between 0 and 1, the choice is reduced to a small number of physically realistic functions. In the present work, β-distributions are been used to described the PDFs of the both mixture fraction and progress variable. The β PDF is widely used in turbulent combustion modelling 21, 60, 62, 64 and has a huge advantage in that it can be specified algebraically in terms of it's first two moments. A β-function is given by
The two parameters a and b defining β-PDF can be determined in terms of the mean and variance as
B. Tabulation for PCM-FPI
Within a turbulent flame, using Equation (18), the conditional mean of Y c , Y c |f * , for a given value of f = f * maybe written as
Using the statistical independence argument, an approximation of the conditional mean can be expressed as
Integrating Equation (31) over the mixture fraction surfaces with P (f * ) leads to
with
As discussed earlier, the mixture fraction PDF, P (f * ), is presumed from its first and second moment. This requires solving for additional transport equations for the mean and variance of mixture fraction, f and f v , respectively. Equation (15) can be used to arrive at the following transport equations for f and f v :
The unclosed turbulent fluxes are modelled using a gradient transport hypothesis such that
The unknown source terms in Equation (35), the scalar dissipation rate of f , χ f , is closed using a linear relaxation hypothesis
where C f is the closure coefficient for f v transport equation and is set to 1.0. Equation (27) also requires knowledge of the PDF of c, P (c * ), which is also assumed to be a β-PDF. This calls for the values of both the mean and variance of the progress variable, c and c v , respectively. The value of c can be determined using Equation (32) . Using the definition of variance, the variance c v can be expressed as
where, Y c Eq 2 is
Prescription of c and c v requires values of Y c and Y cv , which are determined via solution of transport equations for these two quantities. The transport equation for these variables can be derived from Equation (20) and written as
Here again, the unclosed turbulent flux is modelled using a gradient transport hypothesis in the same way as Equation (37) and the unclosed source term is modeled similar to Equation (38) with C Yc as the closure coefficient for Y cv transport equation set to 1.0. The unknown reaction rate terms that appear in Equation (41) and Equation (42) are also extracted from the look-up table during a turbulent reactive flow simulation. These values are also precomputed and stored in the look-up table at the time of table-generation using the following expressions
The mean values of the mass fractions is calculated using the following relation
For tabulation purposes, it is convenient if all the independent variables are normalized. In premixed flames, the maximum level of fluctuations of the progress variable is obtained when c is is fully segregated. 65 Under these circumstances, c v takes its maximum value c v = c/(1 − c). Using similar arguments for the mixture fraction, the variances of f and c are normalized using the following expressions
where S f and S c are are the the segregation factors of f and c respectively. Using these definitions, in the final look-up table for mean turbulent quantities, every thermochemical quantity is stored as
Look-up tables for turbulent diffusion flames can become somewhat large and managing the size of the table is an important issue. In the present study for methane-air reacting flows, the dimensions of the 
V. Eddy Dissipation Model (EDM)
In order to assess the performance of the PCM-FPI approach, numerical results obtained using this tabulation approach have been compared herein to similar results obtained using the so-called eddy-dissipation model (EDM) as proposed by Magnussen and Hjertager. 66 The EDM is a simplified model widely used in many practical and commercial combustion codes to handle the influence of turbulence-chemistry interactions in turbulent diffusion flames. It makes use of simple one-step global chemical kinetics and is based on the idea that the time scales associated with finite-rate chemistry are small compared to the fluid times scales and are not the rate determining factor in turbulent reactive flows. Due to their larger time scales, the turbulent motions effectively control the reaction rates. In this case, the mean reaction rate is controlled by the characteristic turbulent mixing time, ω. For simple one-step global reactions of fuel and oxidizer, the time-averaged reaction rate of the fuel,ω F , is then given bȳ
where C mag is the proportionality constant for EDM which is taken to be4.0 herein, Y F is the mass fraction of the fuel, Y O is the mass fraction of the oxidizer. For methane-air combustion of interest here, the one-step, five-species, chemical kinetic scheme as proposed by Westbrook and Dryer 67 is used, for which the global reaction is given by
Given the EDM reaction rate for the fuel (methane), the reaction rates of all other species involved in the reaction above are calculated by using the stoichiometric coefficients of each species in the forward chemical reaction mechanism.
VI. Parallel AMR Finite-Volume Algorithm
A. Finite Volume Scheme
A finite volume scheme on a body-fitted multi-block hexahedral mesh is proposed to solve the system of partial-differential equations governing three-dimensional turbulent compressible flows for reactive thermally perfect gaseous mixtures. Applying the divergence theorem to the differential form of the system of governing equations in three-dimensional coordinates, one arrives at the following integral form
where U is the vector of conserved variables, F the flux dyad consisting of both inviscid and viscous flux components,S is the source term, defined as S = S t + S p + S c , where S t , S p and S c are the source terms due to turbulence modelling, PCM-FPI scalar transport equations and finite rate chemistry respectively, V is the control volume, Ω is the surface area of the control volume and, n is the unit outward vector normal to the closed surface. The inviscid (hyperbolic) component of the numerical flux at each cell face is evaluated using limited linear reconstruction 68 and the AUSM + -up approximate Riemann solver proposed by Liou. 69 The viscous (elliptic) component of the numerical flux is evaluated by employing a diamond-path reconstruction procedure as described by Coirier and Powell. Modelling practical combustion devices with complex chemistry, and turbulence quickly tax computational resources even on relatively coarse meshes. Unfortunately, high mesh densities are required in areas with steep gradients and small length scales to accurately capture these processes. These locations can change over time and would normally require the use of large, fine uniform meshes. A flexible blockbased AMR scheme is adopted here to limit the number of necessary computational cells by dynamically adapting the mesh to meet solution requirements. Details of the scheme and its implementation in parallel are described by Gao et al. 49 In this approach, blockbased domain decomposition is applied to a body-fitted hexahedral mesh. The grid blocks are organized in a hierarchical oct-tree data structure to facilitate automatic solution-directed mesh adaptation with physics-based criteria. The scheme borrows aspects from previous work by Berger and co-workers, 37, 38, 42, 71 Quirk et al., 39 and De Zeeuw et al. 40 for Cartesian grids and has similarities with the blockbased approaches described by Quirk et al. 41 and Berger et al. 71 In the AMR scheme, the equations are first integrated forward in time on an initial structured, multi-block coarse mesh to obtain updated volume-averaged approximate solution quantities. The mesh is then adapted by coarsening or refining the blocks designated by the refinement criteria. A hierarchical tree-like data structure, shown in Figure 1b , is used to retain connectivity between solution blocks and track their refinement history. The blocks requiring refinement are termed "parents" and are divided into eight new blocks called "children". Each child is a new block with the same number of cells as its parent, doubling the mesh resolution in the region. Coarsening flagged blocks is carried out by reversing this process and combining eight children into one single parent.
For reacting flows, refinement is based on the gradients of both species mass fractions and temperature. Based on either of this criteria, the mesh is refined and blocks are added wherever is large. A measure of the efficiency of the block-based AMR scheme can be obtained by defining the refinement efficiency, η, as
where N cells is the total number of cells in the present grid and N uniform is the total number of cells that would have been used on a uniform mesh composed of cells of the finest size on the current mesh. The efficiency of the AMR scheme improves as the number of refinement levels increase. To further decrease the overall computational time, integration of the governing equations is performed in parallel. This is carried out by distributing the computational blocks among the available processors and simultaneously computing the solutions for each block on each processor. An even distribution of solution blocks is generally sought on homogeneous architectures while a weighted distribution is permissible for computations performed on heterogeneous systems such as networked workstations or computational grids. To ensure efficient load balancing, blocks are organized using a Morton ordering space filling curve which co-locates nearest neighbors on the same processor. 42 This minimizes the amount of necessary communication and improves the overall parallel efficiency of the implementation. The proposed AMR scheme was implemented using the message passing interface (MPI) library and the C++ programming language.
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As shown by Figure 2 , ghost cells which surround the solution block and overlap cells on neighboring blocks are used to share solution content through inter-block communication. The conservation properties of the finite-volume discretization are retained across blocks with resolution changes by using the fine-grid interface flux to correct the flux computed on neighboring coarse blocks. 37, 38 Passing these flux corrections and the overlapping cell solution content between processors at each stage of the integration scheme accounts for the main source of inter-processor communication.
VII. Results and Discussions
A. Fully-Developed Turbulent Pipe Flow
As partial validation of the numerical scheme and turbulence modelling, fully-developed turbulent pipe flow case was first considered. Numerical predictions were compared to the experimental data provided by Laufer 73 for a non-reacting, fully-developed turbulent pipe flow with Reynolds number of 50 000. Solutions for k-ω turbulence model with both direct integration to the wall and standard wall functions are compared to Figure 3 . Calculations with the low-Reynoldsnumber formulation were performed using 64 cells in the radial direction with 3 to 4 of those cells lying within the laminar sublayer. The first cell off the wall was located at y + ≈ 0.6. The results using the wall functions was obtained using 16 cells in the radial direction with the first cell located at y + ≈ 43. Good agreement can be seen between the experimental data and the numerically predicted results. As expected, it is evident that the k-ω model is able to reproduce the characteristic features of fully-developed pipe flow. 
B. Bluff-body Burner
The Sydney bluff-body configuration, which forms part of the experimental database of the International Workshop on Measurement and Computation of Turbulent Non-premixed Flames (TNF), 74 has been con-sidered in the present work. This burner has been investigated and/or used for verification and validation purposes in several recent studies by Masri et al., [75] [76] [77] [78] Dally et al. 79, 80 and Gao and Groth. [48] [49] [50] A schematic diagram of the Sydney bluff-body burner configuration has been shown in Figure 4 . The bluff-body has a radius R 2 = 25 mm and length L 1 = 100 mm and is located co-axially with the air flow inlet. The orifice at the center of the bluff-body has a radius R 3 = 1.8 mm. The outer cylinder for air inflow has a radius of R 1 = 70 mm. Adiabatic wall boundary conditions are used for the boundaries representing the bluff body. Dirichlet boundary conditions are used for the air inlet and the orifice. A reflection boundary condition is used at the outer boundary. The outlet of the flow domain, at a distance L 2 = 300 mm from the bluff body, has Neumann-type boundary conditions for all properties except pressure which is held constant.
Non-Reacting Bluff-Body Burner Flow
(a) The sliced three-dimensional grid after different levels of AMR refinement. Density gradient was chosen as the refinement criterion. Refinement can be seen at along the flame front where the maximum gradient exits. The grid shown is for the PCM-FPI Approach 1. The Reynolds number and the Mach number of the high-speed jet are Re=193 000 and Ma=0.18. These flow conditions are classified as "jet-dominated", since the jet penetrates the re-circulation zone behind the wall of the bluff-body and propagates in a jet-like manner further downstream. The non-reacting bluff-body burner flow was simulated using the proposed numerical scheme for threedimensional flow geometries. The flow-field calculations were carried out on four adaptively refined grids, each consisting of a number of 8×8×8 cell blocks: 108 blocks (55 296 cells); 165 blocks (84 480 cells); 219 blocks (112 128 cells); and 388 blocks (198 656 cells). The velocity gradient was chosen as the refinement criterion. The threshold for refinement was chosen to be 0.5 and the threshold for coarsening was 0.1. The refinement efficiency of the AMR scheme after three levels of refinement was 0.968.
The agreement between the predictions and experiment is confirmed by a comparison of the predicted axial (centre-line) profile of the mean axial velocity component to the experimental results as depicted in Figure 5b . Also, the comparisons of the predicted radial profiles of the mean axial velocity to the measured data at two locations are shown in Figure 5c and Figure 5d . All of these figures show reasonably good agreement between the numerical results and the experimental data.
Reacting Bluff-Body Burner Flow
A three-dimensional turbulent diffusion flame for the Sydney bluff-body burner was also simulated using the proposed numerical scheme. In this case a methane gaseous fuel jet was injected at the base of the bluff-body with bulk velocity of 104 m/s at 300 K. Figure 6a . Density gradient was chosen as the refinement criterion, with a threshold for refinement as 0.5 and the threshold for coarsening as 1.0. Block refinement can be seen along the flame front where the maximum density gradient exists. Figure 6 strongly demonstrates the capability of the AMR algorithm to refine the grid in regions of maximum physical activity. Figure 6b shows the radial profile of temperature at x/D b = 1.92 downstream from the base of the burner for different levels of AMR. It can be seen that after two levels of AMR, a grid converged solution was obtained. An AMR refinement efficiency of 0.996 was obtained after four levels of refinement. Figure 6 strongly demonstrates the capability of the AMR algorithm to refine the grid in regions of maximum physical activity. Figure 7 compares the predicted distribution of temperature and some species in the solution domain. The maximum temperature predicted by the PCM-FPI approach is almost 500 K lower than the temperature predicted by the EDM scheme. It is also more closer to the recorded maximum experimental data of 1200 K. Figure 8 shows the solution profiles obtained using the different numerical approaches to treat chemistry. Figure 8a shows that the temperature profiles are in far better agreement with the experimental data, in comparison to the EDM result. In Figure 8b the EDM passes through the experimental points considerably closely than the PCM-FPI lines do. However, the variation between the maximum CO 2 predicted by EDM and that of the experimental data is much higher in comparison to the PCM-FPI results. Apart from this, the PCM-FPI approach also gives predictions for the minor species like OH, CO, and, C 2 H 2 , as shown in Figure 7c and Figure 7d , which is not possible to obtain using the EDM approach.
It is noted above that the temperature is somewhat over-predicted by the proposed parallel AMR scheme for this case. It maybe because of neglecting the radiation transport in the simulation. Note that while radiation effects may influence the predicted temperature for this case, Merci et al. 81, 82 argue that, since the flame is unconfined and very little soot is formed, radiation effects should be relatively small. Some other reasons might be the use of β-distribution for averaging the tabulated quantities. It would be of interest to see the temperature predictions by using other averaging procedures with the tabulated-chemistry approach. Table 2 compares the computational cost of each chemical-kinetic scheme. The cost of the PCM-FPI scheme is only marginally higher than the EDM methods. This result is very encouraging as it shows that by using the PCM-FPI approach detail-chemistry results can be obtained without much computational overhead in comparison to the EDM scheme. This can be attributed to the fact that the computational cost involved in reconstruction for the three-dimensional geometry is quite expensive. The additional computational cost associated with the PCM-FPI Approaches is insignificant compared to the cost involved for three-dimensional FVM. Hence, when used with the numerical scheme for three-dimensional geometry, the computational cost remains practically unaffected. 
C. Parallel performance
The parallel performance of the proposed algorithm was assessed for strong scaling as part of this research. Strong scaling is a measure of the ability to demonstrate a proportionate increase in parallel speedup with more processors. For a strong scaling test, the problem size is generally held fixed while the number of processors used to perform the computation is varied. Scaling is measured by the parallel speedup, S p , and efficiency, η p , which are then defined as
where t p is the total wall times required to solve the problem with p processors. Strong scaling of both PCM-FPI tabulated approaches were examined. For both approaches, the strong scaling test was carried out using a grid which consisted of 1832 grid blocks. These grids were obtained after one level of uniform AMR refinement on the initial grid of 229 blocks. The work load per processor was varied without affecting the partitioning of the mesh by changing the number of blocks assigned to each processor. As a result, only the effect of inter-processor communication on parallel efficiency was taken into account.
The resulting relationship between parallel speedup, efficiency, and number of processors is shown in Figure 9 for the methane-air turbulent diffusion flame Sydney bluff-body configuration. Excellent parallel performance is achieved with an efficiency of 80 % and 87 % for PCM-FPI Approach 1 and PCM-FPI Approach 2, respectively, for up to 1832 processors. These results clearly show that the proposed PCM-FPI algorithm scales extremely well within the parallel AMR solution scheme.
VIII. Conclusion
A new parallel adaptive mesh refinement based finite-volume scheme was presented to model detailedchemistry effects on turbulent diffusion flames using the PCM-FPI approach. The Sydney bluff-body burner was used as the validation case and the predicted results were compared to the experimental as well as the simplified one-step EDM chemical kinetic scheme. Much better agreement was seen between the experimental and the PCM-FPI results than the EDM predictions. Moreover, the PCM-FPI scheme was only marginally more expensive than the EDM model in terms of computational costs involved. The parallel performance of the PCM-FPI scheme was investigated on a large parallel distributed-memory multi-processor cluster. It was found that the algorithm scales extremely well with an efficiency of more than 80% for around 1850 processors. The AMR capability of the algorithm was also examined for the three-dimensional grid used for the Sydney bluff-body burner. Maximum grid refinement was seen in regions with highest value of temperature gradient, which demonstrated the solution-adaptivity of the AMR scheme. A refinement efficiency of around 0.996 was achieved after four levels of refinement.
